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Abstract - The small-signal model for a multiple-output
Jorward converter with weighted voltage-mode control is
derived. The effects of the weighting factors on the small-
signal behavior are investigated. In addition, the small-
signal characteristics of weighted voltage-mode control are
compared with the characteristics of a multiple-output
converter with coupled output-filter inductors. Finally, the
effects of weighted voltage-mode control on the small-signal
characteristics of the converter with coupled inductors are
examined. Based on the analysis, the design procedure for
loop compensation is presented. The small-signal model
and the design procedure are verified on an experimental
two-output forward converter.

1. INTRODUCTION

The most common approach to regulate multiple-output
converters is to sense one output while cross-regulating the
remaining outputs. This regulation scheme provides tight
regulation for the sensed output. The cross-regulated
outputs, however, may severely deviate from the desired
values, especially during the transients due to step load
changes [1-3]. The transient characteristics of the cross-
regulated outputs can be improved dramatically by coupling
the output filter inductors [4]. While this approach
improves the dynamic behavior of the cross-regulated
outputs, it does not have significant effect on their dc cross-
regulation characteristics [5,6,7].

Simultaneous improvements of the transient and dc
performance of the cross-regulated outputs can be obtained
by using weighted voltage-mode control (WVMC) [8,9]. In
this approach, shown in Fig. 1, a number of outputs are
sensed, and the weighted sum of the output voltages is fed
back to modulate the duty cycle, 4 Compared with the
conventional single-output-sensing feedback control, the
WVMC redistributes the dc regulation error among the
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Fig. 1. A multiple-output forward converter with weighted
voltage-mode control and coupled output filter inductors.
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sensed outputs [9]. If the weighting factors and the
compensator are properly designed, the dc cross-regulation
and dynamic characteristics of the sensed outputs can be
significantly improved.

Generally, the small-signal properties of a multiple-output
converter with WVMC are quite different from those of a
single-output converter or a multiple-output converter with
only one regulated output. The differences are primarily
caused by interaction among the outputs of the converter
with WVMC, resulting higher order of the small-signal
transfer functions. For a multiple-output forward converter
with WVMC, the order of the small-signal transfer functions
is 2n, where n is the number of the sensed outputs.
Furthermore, when WVMC is used simultaneously with the
coupled output-filter inductors, the positions of poles and
zeros of the small-signal transfer functions are significantly
altered compared with the non-coupled case. As a result, the
loop compensation design for WVMC is different from that
of the conventional single-output-sensed feedback control.
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The dc analysis of the WVMC and the design procedure
for determining the weighing factors for a multiple-output
forward converter were presented in [9]. The purpose of this
study is to present a design-oriented ac analysis for the same
converter.

In Section II, a complete small-signal model of a forward
converter with » outputs is derived using the pulse-width-
modulation (PWM) switch modeling approach [10]. The
model is derived by assuming the most general case with
coupled output-filter inductors. Section III discusses the
effects of weighting factors and coupling coefficients on the
system characteristics. = The design considerations are
discussed in Section IV. Finally, a design example and
experimental results that verify the derived model and the
proposed design procedure are given in Section V. Key
results are summarized in Section VL

It should be noted that although only the analysis and
design of a forward converter are presented in this paper, the
same approach can be easily extended to any other multiple-
output topology with WVMC.

IL. SMALL-SIGNAL MODELING

The small-signal model is obtained by applying PWM-
switch modeling techniques [10]. In this technique, the
nonlinear PWM switches of a converter are replaced with a
simple linear small-signal circuit.  Figure 2 shows the
small-signal equivalent circuit of a multiple-output converter
with coupled inductors obtained by replacing the active and
passive switches with the small-signal model. To simplify
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Fig. 2. Small-signal circuit model obtained by using PWM
switch model.

the analysis, the following assumptions are made:

1) All the switches are ideal, i.e., they have zero on-
resistances and junction capacitances, and infinite off-
resistances.

2) The transformer is ideal, i.e., the magnetizing inductance
is infinite, and the leakage inductances are zero. The
core and winding losses are negligible.

3) The output filter inductors do not have any core loss.

It should be emphasized that these assumptions are only
justified for small-signal analysis because the circuit
parasitics have negligible effect on the ac characteristics.
However, the same parasitics have significant effects on the
dc characteristics and cannot be neglected in the dc analysis
as discussed in [1,2,3,6,7,9].

The small signal model is derived for the operation in
continuous conduction mode (CCM). The state space
variables are defined as the inductor currents and capacitor
voltages:

X =lip; ip; 6))

the input variables are the input voltage, load currents and
duty cycle:

T
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and the output variables are the output voltages:
T
Y =[v01 Vo2 o Vonlp 3)
The resulting state equations are
X = AX + BU, ©)
Y=CX+DU, )
where ‘
[y -1
A= "M P } : 6)
L 2nx2n
B=M IR] , (M)
L r 2nx(n+2)
R, 0 0 Ry 0 0
ool 0 Ry 0 0 Ry 0 ®
i 0 0 - R,, 0 0 - Ry o
[0 0 R,; 0 - 0
D= 0 0 0 R}.’ 2 0 )
_0 0 0 0 o an nx(n+2)
M is the inductance matrix which is defined as:
M;; M My,
M= M:21 M:22 A/[:2n ’ (10)
Mn] Mn2 nn Jyxn
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where the elements of the coefficient matrices are defined as:
My=kyLL;,i#j, M;=L,

R.
R, =R //R;, R, =—2Ii_
pi i ci qi Ri +Rci
Ry =Ry +R //Ry T, =(R,+R,)C,, (i,j=1..n)

and kij is the coupling coefficient between the i-th and j-th
output filter inductors, R, the load resistor, C; the filter
capacitor, R,; the equivalent series resistor (ESR) of the
capacitor, and #; the transformer turns ratio.

Equations (1) through (14) are general expressions which
describe the small-signal behavior of a forward converter
with » outputs in time domain. The system characteristics in
the frequency domain, where design and measurements are
usually performed, are casily obtained by taking Laplace
transform of the state equation.

III. EFFECTS OF WEIGHTED VOLTAGE-MODE
CONTROL AND COUPLED INDUCTORS

In this section, the individual as well as the combined
effects of the weighting factors and coupling coefficients of
the output filter inductors on small-signal transfer function
are investigated. First, the effects of the weighting factors
are studied by assuming no coupling between the output
filter inductors. Then the effects of the coupling coefficients
in the absence of WVMC are studied. Finally, the combined

effects of the weighting faciors and coupling coefficients are
discussed. To avoid lengthy expressions without losing
generality, the following analysis is performed on a forward
converter with two outputs.

A. Effects of Weighting Factors

To investigate the effects of weighting factors alone, it is
assumed that the coupling coefficients are zero, i.e., kij=0,
ij=1,2, i#], in the small-signal model derived in the
previous section. For WVMC, according to Fig. 1, the
feedback signal, Vs is derived from the weighted sum of the
output voltages, i.e.:

Ve =Ko +Kv,,. (15)
where X, and X, are the weighting factors which can be
calculated from the weighting network resistors [9]:
R R, R
K, = 12 K, = AL
Ry Rpy +RpR+R R Ry Ry +RyR+RpR

»(16)

From Egs. (1) - (16), the control-to-feedback transfer
function is derived as:

s s
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where o, is the resonant frequency of each output filter, o)
the damping coefficient, and s,; the ESR zero. They are
given by:

1
Oor = . 18
*JLG (18)
1 1
g = : 19
@o; Li /(Ry; +R) +Ci(Ry; +Ry,; //R;)
sy =1/(R,C,), i=12. ©0)

Assuming that the frequencies of the ESR zeros are much
higher than those of the power stage poles, the control-to-
feedback transfer function can be rewritten into the pole-zero
form:

2
Kg(l+=)(1+—"—+)
G -y Sz wzQz z
vd(s)— in 2 s2 +(21)
(1+ s +s—2)(1+ +—-)
0,01 0,202 o)
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Ky =K;N; +K,N,, 22)
1 1 KN, Koo, 23)
s; KN, +K)N, s, 5,2
I I KN, K,N,
— = +—5=) (24)

2 3
o, KN +K)N, o), @)



Mag. (db)
40

20

0
50 L
-100 |

-150 -

-200

10 100 1,000 10,000

f (kHz)
Fig. 3. Bode plot of control-to-feedback (vf /d) transfer
function of a multiple-output converter with
WVMC. The ratio of the weighting factors is

the running parameter.

As can be seen from Eq. (21), unlike the two-output
converter with single-output feedback control where the
transfer function is of 2nd order, the transfer function of the
same converter with WVMC becomes 4th order. Figure 3
shows the Bode plot of the control-to-feedback transfer
function (vf /d) using the ratio of the weighting factors,
u(=K1/K2), as running parameter. According to Eq. 2D,
the transfer function has two pairs of complex poles, one pair
of complex zeros, and a real zero (equivalent ESR Zero).
From Eq. (18), resonant frequencies @,; and @, of the
complex poles do not depend on the weighting factors.
However, the resonant frequency of complex zero, @,, and
the real zero, s,, are the functions of weighting factors X,
and K, as can be seen from Egs. (23) and (24). Therefore, as
the ratio of the weighting factors varies, the positions of the
poles are fixed, and the positions of the zeros are changing.
From Eq. (24), it can be shown that no matter how the zeros
move, the poles and zeros are always interlaced, i.e.:

wol Swz S0‘)02, (25)

assuming ©,; < @,,.

The interlaced pole-zero distribution makes the system
behavior at both low and high frequencies similar to that of a
2nd order system. In the middle frequency range, however,
the frequency characteristics exhibits multiple peaks. When

designing the compensator, the crossover of the loop gain
should be chosen away from this range to prevent
conditional stability.

If the extreme case is assumed, ie., u =0(or o), the
transfer function is reduced to a 2nd order system. Therefore
the single feedback control scheme is a special case of the
weighted voltage-mode control.

B. Effects of Coupled Inductors

The control-to-output transfer functions of the two-output
converter with coupled inductors but without WVMC is
derived as following:

L
Vin(1+Re 1Ci9){N [1+(Rc ,C) +§é

M
+Ry ;C)s+LyCos? ]—Nz[#s+C2M1 2T}
2

A4
Gygy =2k = -(26)

T 2
[1+(RCIC1+R—1+RL1C1)s+L1C1)s ]
7l
L 2
[I+(RC2C2+R—2+RL2C2)S+L2C2)s ]
2
M 2. M 2
——«R12s+C1M12s ][—R12s+C2M12s ]
1 2

Exchanging the subscript 1 (or 2) to 2 (or 1), the control-
to-output-2 transfer function, G, can be obtained.
Obviously, if there is no coupling between the output
inductors L, and L,, i.e., the coupling coefficient K=k, ,=0,
the transfer function reduces to that of the single output
converter, which is a 2nd order system.

Figure 4 shows the control-to-output transfer functions for
both outputs, where the coupling coefficient X is the running
parameter. Generally, the transfer functions are of 4th order,
with two pairs of complex poles, a pair of complex zeros,
and a real zero. The resonant frequencies of both poles and
zeros depend on the value of the coupling coefficient.
Unlike the case of WVMC where the poles and zeros are
always interlaced, here the control-to-output transfer
function for one output has an interlaced pole-zero
distribution (Fig. 4(a)), whereas another has a non-interlaced
pole-zero distribution (Fig. 4 (b)). As a result, for the
conventional single-output feedback control, the loop
compensation is dependent on the choice of the sensed
output. It is more desirable to feedback the output whose
control-to-output transfer function has interlaced poles and
ZEros.

C. Combined Effects of WVMC and Coupled Inductors

When WVMC and coupled inductors are employed
simultaneously, the control-to-feedback transfer function is
obtained by summing two weighted outputs:

vy
—=K,Gyq; +K G4

J @7
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dual-output forward converter with coupled Fig. 5.
inductors: (a) output 1; (b) output 2. The coupling
coefficient is the running parameter. -

where G ;; and G, ;, are defined by Eq. (26).
Figure 5 shows the Bode plot of the control-to-feedback

Bode plots of control-to-feedback (vf /d) transfer

- function of the dual-output converter with WVMC

and coupled inductors for different weighting
factors: (a) u=K,/K,=3, (b) u=K/K,=0.1. The
coupling coefficient, X, is the running parameter.

transfer function. For different ratio of the weighting factors Figure 6 shows the pole-zero distribution for different
and different coupling coefficient, the system behavior can  values of the coupling coefficient and the ratio of the
change drastically, from 2nd order system to 4th order weighting factors where the resonant frequencies of the
system, from an interlaced pole-zero distribution to a non-  output filter are not close to each other. As can be seen, the
interlaced distribution. locations of the complex zeros are dependent on both the
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ratio of the weighting factors and the coupling coefficient,
whereas the locations of the complex poles are only affected
by coupling coefficient.  Furthermore, if the resonant
frequencies of the two output filters are separated, the low-
frequency complex poles are relatively fixed. Then the
system transfer function can be written into pole-zero form:

2
S § N
V., Kp(l+—)(1+ +—)
G _ Szt wthzt a)zt
w () = Ky s2 s s2 -9
(1+ +— (1 + +— )
Dpi1Qpis @p) Pplp2 0,
where
Kp =K;N; +K N, 29
and the poles and zeros are approximated as:
K,N,+K,N
Su = i (30)
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(b) Pole-zero distribution for k=0 - 0.95 and u=0.4
Fig. 6. Pole-zero distribution of a multiple-output converter
with the weighted voltage-mode control and coupled
inductors for different values of the weighting factors
and the coupling coefficient. The equivalent real zero
locates far beyond the left boundary, and is not shown
here. (a) K=0.9, u=0.5 - 10, (b) k=0- 0.95, u=0.4.

1
(1-K? )min(L,C;,L,C,)

2
Op2 (33)

IV. DESIGN CONSIDERATIONS

It can be seen that, from the above analyses, the system
transfer functions fall into two categories: (1) those with
interlaced complex poles and zeros, and (2) those with non-
interlaced poles and zeros. The converter with WVMC
belongs only to category (1). For the converter with coupled
inductors only, one control-to-output transfer function falls
into (1), and the other transfer function falls into (2). As for
the converter with both WVMC and coupled inductor, the
transfer function can be cither type, depending on the
converter parameters, coupling coefficient, and weighting
factors. In this section, the compensator design for different
cases is discussed.

A. Compensator Design for the System With Interlaced
Complex Poles and Zeros

For a converter whose control-to-feedback transfer
function has interlaced complex poles and zeros, the system
behavior at both low and high frequencies is similar to that
of the single output converter. The major difference is in the
middle frequency range where the characteristics show
multiple peaks, as can be seen in Figs. 3, 4(a) and 5(a). No
matter how the poles and zeros move, the phase never
exceeds -180°. As a result, the commonly used compensator
with an integrator plus two poles and two zeros:

A (s) = K; (5+5,,)(s+5,.,) ,

S (5+Spc1)(5+S8,05)

(€2

can be employed. The design of the integrator gain and
compensator poles are similar to the design for the single
output converter [11]. The first pole is placed to cancel the
equivalent ESR zero. The second pole is placed at
approximately one half of the switching frequency to
attenuate the switching noise in the modulator. The control
bandwidth and stability margin are determined by the
placement of the compensator zeros. To achieve a fast
response, the first zero is placed slightly below the low

frequency complex pole Sze1 <@pi1. The position of the
second zero determines the control bandwidth and stability
margin. Figure 7 shows the loop gain with two different
zero placements. It can be seen that both designs give about
same phase margin. But checking the crossover of the loop
gain, it shows that the design with the second zero after the
complex zero of the plant yields a lower crossover frequency
due to the peaking of the complex zero. Therefore, it is
suggested that the second compensator zero be chosen as

wpt] —<-Szc2 Sa)zt 395
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Fig. 7. Loop gain of the multiple-output converter with
WVMC and coupled inductors for different values

of the second zero: (a) f,5=f,1; ) f;2=2f,;. The
right axes are phase margin.

B.'Compensator Design for System With Non-Interlaced
Poles and Zeros

For a converter whose transfer function has non-interlaced
poles and zeros, the phase delay can exceed -180° because of
two pairs consecutive complex poles, as shown in Figs. 4(b),
5(b). If the second pair of complex poles is followed
immediately by a pair of complex zeros, excessive phase
delay will not occur. Therefore the previously discussed 2-
zero-3-pole compensator still can be used. However, if the
second pair complex poles and the complex zeros are widely
separated and the phase delay exceeds -270°, the system
crossover frequency has to be chosen below the resonant
frequency of the first pair of complex poles. In this case, a
single integrator with a relatively low gain is suitable for the
compensator. Apparently, the closed-loop performance of
the converter with noninterlaced poles and zeros is inferior
to that of the converter with interlaced poles and zeros.

C. Power Stage Design Consideration

From above discussion, it is obvious that a system with
interlaced complex poles and zeros is more desirable than a
system with non-interlaced poles and zero. Since the
positions of the poles and zeros of the power stage control-
to-feedback transfer function are dependent on the coupling
coefficient and the weighting factors, the degree of coupling
can be adjusted so that the control-to-feedback transfer
function has interlaced poles and zeros.
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Equations (31) - (33) give the approximated expressions
for the resonant frequencies of the complex poles and zeros.

To make the complex poles and zeros interlace:

2
ptl 36)

The left side of the inequality is always met, to meet right
side of the inequality, there must be
KN, +K,N, < 1 e
(I -KXKN,L,C, +K,N,L,C,;)  (1-K*)min(L,C,,L,C,)
or the coupling coefficient should meet:
(uN; +N,)min(L,C;, L,C,)

2 2
Oy LWz S Wy

(3%

From Eq. (38), it can be seen that a large coupling
coefficient tends to vyield a noninterlaced pole-zero
distribution, and the system tends to have less stability
margin for the same compensator design, which agrees with
the finding reported in [8].

V. DESIGN EXAMPLE

In this section, the design of a dual-output forward
converter is illustrated. The design specifications of the
converter are [9]:

e input line voltage V;,,, 170V -2707V,
e 5Voutput: 4.8V <V, 5.2V, 24 <1,; £ 154, and
e 12Voutput: /1.5V <V, ,<127V,0. 54 < I,; < 34.

The experimental dual-output forward converter operating
at 100 kHz was built with its circuit parameters as shown in
Table 1.

To meet dc regulation specification, the ratio of the
weighting factors is chosen as #=K,/K,=3, as explained in
[9], which yields K;=0.567 , K,=0.189.

The turns ratio of the coupled inductors is equal to the
ratio of the output voltages [5]. The coupling between the
output inductors is designed K=0.95.

Using Eqgs. (31) - (33) derived in Section III, the values of
the complex poles and zeros are

W, =2529178 rad/s, (39
©,, ~4809.5 rad]s, (40)
Opp = 266548.2 rad/s. (41)

Table 1. List of the Circuit Parameters.

N, 0.067 N, 0.156

L, (uH) 69 Ry, (@) 0.037
L, (UH) 378 Ry, () 0.12
C, (WF) 210 R,(Q) 0.023

C, (WF) 114 R,(Q)  0.0057
Ry oy (@) 2.5 () 24




Since the complex poles and zeros are interlaced, the
compensator with an integrator plus two poles and two zeros,
Eq. (34), is employed. The first pole is placed at the
equivalent ESR zero:

O, ~285017.8 rad/s. (42)

The second pole is placed at the half of the switching
frequency:

copcz ~3]4159.3 rad/s. (43)
The two zeros are placed at the first complex pole:
Ope) =B per =Wy =4809.5 rad/s. (44)

The system loop gain is measured at the feedback path
after the summing junction point A as shown in Fig. 8. The
system has a phase margin of 75°, The calculations agree
well with the measurements except when frequency
approaches half of the switching frequency.

Mag. (db) Phase (deg)
60 2

00

40 | Mag.

1150

2
o\ o0
0

adjusting the values of the weighting factors and the
coupling coefficient of the output inductors according to Eq.
(38), the interlaced pole-zero pattern can be obtained.

For a system with interlaced complex poles and zeros, a
design employing the compensator with 2 zeros and 3 poles
can be used to yield satisfactory performance and stability
margin. For a system with non-interlaced complex poles and
zeros, an integrator with relatively low gain is recommended
to provide a loop crossover prior to the first double pole in
order to provide adequate stability margin. In this case, the
cross-over of the loop gain is significantly reduced compared
to the previous design.
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